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Anyonic systems are modeled by topologically protected Hilbert spaces which obey complex su-
perselection rules restricting possible operations. These Hilbert spaces cannot be decomposed into
tensor products of spatially localized subsystems, whereas the tensor product structure is a foun-
dation of the standard entanglement theory. We formulate bipartite entanglement theory for pure
anyonic states and analyze its properties as a non-local resource for quantum information processing.
We introduce a new entanglement measure, asymptotic entanglement entropy (AEE), and show that
it characterizes distillable entanglement and entanglement cost similarly to entanglement entropy in
conventional systems. AEE depends not only on the Schmidt coefficients but also on the quantum
dimensions of the anyons shared by the local subsystems. Moreover, it turns out that AEE coincides
with the entanglement gain by anyonic excitations in certain topologically ordered phases.
I. INTRODUCTION
The discovery of topologically ordered phases as in
the fractional quantum hall effect [1–3] has revealed a
new kind of quantum phase not described by the con-
ventional symmetry breaking picture. In topologically
ordered phases, energy eigenstates have distinct proper-
ties, namely, the ground states have topological degen-
eracy and the statistics of quasiparticle excitations are
not necessarily fermonic or bosonic, but anyonic. Much
progress has recently been made in understanding quan-
tum properties of topologically ordered phases (see e.g.,
Ref. [4] and references therein). In particular, the analy-
sis by means of entanglement – a standard procedure in
quantum information theory [5] – revealed new properties
distinguishing topologically ordered phases from conven-
tional phases. In Refs. [6, 7], it has been shown that
the ground states of topologically ordered phases exhibit
specific patterns of long-range entanglement that can be
characterized by the so-called topological entanglement
entropy (TEE). Recently, TEE has also been extended
to states including anyonic excitations in topologically
ordered phases [8–11].
However, entanglement is not only useful to classify
states, but also has operational relevance in quantum in-
formation theory. It is for instance the resource that en-
ables quantum teleportation [12] or measurement-based
quantum computation [13]. This aspect of entanglement
is particularly interesting since anyonic excitations are
robust against local noise, making them promising can-
didates for fault-tolerant quantum information process-
ing by encoding quantum information in the topologically
protected Hilbert space (also called fusion space) [14–16].
This gives rise to the question whether TEE of anyonic
excitations of topologically ordered phases allows an op-
erational interpretation for fault-tolerant quantum infor-
mation processing. In order to address this question, we
consider a resource theoretical analysis of bipartite pure
entanglement of anyonic states in the topologically pro-
tected Hilbert space.
The standard entanglement theory cannot be directly
applied to anyonic systems since the topologically pro-
tected Hilbert space describing anyons cannot be decom-
posed into tensor products of local subsystems. This
property can be understood as the existence of super-
selection rules restricting physically possible operations.
Entanglement properties under superselection rules in-
duced by group symmetries or superselection rules of
fermions have been recently studied in Refs. [17–19], but
their techniques cannot be applied to anyons.
In this paper, we formulate an entanglement theory
for anyonic systems in pure bipartite settings from an
information theoretical viewpoint, and find a qualita-
tively different behavior compared to ordinary systems
with tensor product structure. In the standard entan-
glement theory, the uniqueness theorem [20] states that
many operationally defined entanglement measures coin-
cide to the entanglement entropy (EE) in an asymptotic
situation of infinite identical copies due to the additivity
of EE. Distillable entanglement and entanglement cost
are examples of such operational measures.
However, we find that for anyonic systems the corre-
sponding EE is not additive as required for an operational
mesaure in the asymptotic limit, but super-additive. We
then show that the asymptotic rate of EE which we call
asymptotic entanglement entropy (AEE) is given by EE
plus a non-negative term that depends on the quantum
dimension of the shared anyon charge. Moreover, we
prove that AEE corresponds to the distillable entangle-
ment and the entanglement cost in anyonic systems es-
tablishing an operational interpretation of AEE.
Interestingly, we find that the operationally meaning-
ful AEE coincides with the contribution of anyonic ex-
citations in topologically ordered phases to TEE [8–10],
which has been derived by Hikami [11] for topologically
ordered phases that can be described by SU(2)k Chern-
Simons theories [21, 22]. This shows that all the topo-
logical entanglement that is not contained in the ground
state can be distilled by only braiding operations and
can therefore be exploited for fault-tolerant information
processing.
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2The paper is organized as follows. In Sec. II, we intro-
duce a general model to describe anyonic systems. We
formally define entangled states in anyonic systems in
Sec. III and introduce the AEE in Sec. IV. In Sec. V,
we derive basic properties of the AEE, and in Sec. VI
we eventually present the equivalence between the AEE
and entanglement of distillation and entanglement cost.
Finally we conclude our findings in Sec. VII. Appendices
contain details of the proof of Theorem 7 and a possi-
ble way to extend our results to more general anyonic
systems which have non-vacuum total charge.
II. ANYON MODELS
A general anyon model is determined by its possi-
ble charges (i.e., anyon types), fusion rules and braiding
statistics. In the following we assume that the possible
charges are labeled by a finite set L = {1, a, b, c, ...} where
1 denotes the unique vacuum. The number of ways for
a and b fusing to c is given by N cab ∈ N and we simply
write a × b = ∑cN cab c to indicate the possible fusion
channels of a and b. For any a ∈ L, the vacuum satisfies
1 × a = a and there exists a unique anti-charge a¯ such
that N1aa¯ = 1. A charge a is said to be abelian if the
fusion ways for any b is unique
∑
cN
c
ab = 1, and other-
wise non-abelian. Moreover, we call a charge a primitive
if the corresponding matrix (Na)ij = N
j
ai is primitive,
i.e., for large n, (Nna )ij > 0 for all i and j. One of the
most studied primitive anyon due to its simplicity is the
Fibonacci anyon τ in the Fibonacci anyon model {1, τ}
which allows for universal quantum computation [15] and
has quantum dimension dτ =
1+
√
5
2 . We note further
that the so-called Ising anyon in the Ising anyon model
{1, σ, ψ} is non-abelian but not primitive. Moreover, the
Ising model does not enable universal quantum compu-
tation [15].
The Hilbert spaces associated to an anyon model are
called fusion spaces and spanned by the possible fusion
ways. In particular, the fusion space of two charges a
and b fusing to c is given by
V cab = span{|ab : c, µ〉 |µ = 1, 2, ..., N cab} . (1)
Note that the order of the anyons and its arrangement
on the two dimensional manifold is crucial because of the
braiding statistics (c.f. Ref. [23]). In this paper, we use
the convention that any anyon chain {a1, a2, ..., an} with
total charge c is assumed to be consecutively aligned from
left to right on a two dimensional disc. The correspond-
ing fusion space of such a chain can be constructed from
two-anyon fusion spaces (1) as
V ca1...an =
⊕
b1...bn−2
V b1a1a2 ⊗ V b2b1a3 ⊗ · · · ⊗ V cbn−2an . (2)
The dimension of V ca1...an is given by
dimV ca1...an =
∑
b1,b2,...,bn−2
N b1a1a2N
b2
b1a3
...N cbn−2an . (3)
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FIG. 1: Tree representation for two different bases of the
fusion space of the anyon chain {a1, a2, ..., an}. The left hand
side corresponds to a decomposition (2), where b1, ..., bN−2
parametrize the different fusion outcomes. The right hand
side shows a basis corresponding to the decomposition in (10),
where a and b denote the total charge of each subsystem.
It is convenient to illustrate the decomposition of the fu-
sion space by tree diagrams (Fig. 1(i)). The scaling be-
havior of the dimension of the fusion space V can ≡ V ca...a
of n a-anyons {a, a, ..., a} is determined by the quantum
dimension da which satisfies dadb =
∑
cN
c
abdc for all
a, b, c ∈ L. For example, the quantum dimension of an
abelian anyon a is da = 1, and dimV
c
an = 1 if a
n can fuse
to c and 0 else. If a is a primitive charge, then for any
b ∈ L it holds that [24, 25]
dimV ban =
dnadb
D2 (1 +O(c
n
b )) , (4)
where |cb| < 1 and D denotes the total quantum di-
mension given by D = √∑a d2a. If a is not primitive,
the above formula does not hold since the fusion chan-
nel an → b does not always exist for any b and large n.
However, it still holds that dimV ban ∝ dna for sufficiently
large n if the dimension is not zero. More generally if at
least a is primitive, it holds that
dimV xanabnb ...1n1 =
dnaa d
nb
b ...d
n1
1 dx
D2 (1 +O(c
na
x )) , (5)
where |cx| < 1. The proof is similar to the one of Eq. (4).
We emphasize that commutativity of the fusion matrix
is essential since the proof of these relations requires the
Perron-Frobenius theorem.
The quantum dimensions satisfy the following property
which we will use later.
Lemma 1. For all n ∈ N holds that
da1 ...dan =
∑
b
dimV ba1...andb (6)
Proof. Using the equation dadb =
∑
cN
c
abdc recursively,
we can compute
da1da2 ...dan =
∑
b1
N b1a1a2db1da3 ...dan (7)
=
∑
b1,b2
N b1a1a2N
b2
b1a3
db2da4 ...dan (8)
=
∑
b1,...,bn−2,c
N b1a1a2N
b2
b1a3
...N cbn−2andc . (9)
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FIG. 2: (i) A graphical tree representation of the R-matrix
Rcab transforming V
c
ba into V
c
ab. The tree on the left hand side
of the equality represents the vector |ba; c, µ〉 and the sum over
ν on the right hand side goes over all trees representing vectors
|ab; c, ν〉. (ii) A graphical tree representation of the F-matrix
F dabc. The tree on the left hand side of the equality represents
the vector |ab; e, µ〉 ⊗ |ec; d, µ′〉. This vector can be expanded
as a superposition of vectors of the form |af ; d, ν′〉⊗ |bc; f, ν〉,
where the coefficients of the superposition are determined by
the F-matrix F dabc.
Hence, inserting relation (3) completes the proof.
Interchanging neighboring anyons acts as a unitary
transformation Rcab : V
c
ab → V cba and is called the R-
matrix. Due to the associativity of the fusion rule
(a×b)×c = a×(b×c), there exist also isomorphisms F dabc
relating the fusion spaces
⊕
x V
x
ab⊗V dxc and
⊕
x V
d
ax⊗V xbc
referred to as the F-matrix. An arbitrary braiding opera-
tion is then fully described via R- and F-matrices (Fig. 2).
III. ENTANGLED STATES IN ANYONIC
SYSTEMS
In the following, we investigate bipartite entanglement
of a pure state of an anyon chain {a1, a2, ..., an} on a disc.
As elaborated in Ref. [23], entanglement has to be defined
according to a splitting of the disc into submanifolds. In
this paper, we focus on the situation where the locations
of the parties are spatially well separated and divide the
disc into two halves A and B that contain the anyons
{a1, ..., am} and {am+1, ..., an}, respectively (Fig.1(ii)).
This implies that neither A nor B is allowed to move
anyons along a path enclosing anyons belonging to the
other party.
We denote byHxA andHxB the fusion space of the anyon
chain A and B with total charge x. Then, the joint fu-
sion space HcAB := V ca1...an with total charge c can be
decomposed as [26]
HcAB =
⊕
a,b∈L
HaA ⊗HbB ⊗ V cab , (10)
with a tree diagram as depicted in Fig. 1(ii). Hence, the
joint Hilbert space can generally not be written as the
tensor product of the individual subsystems A and B.
We are now interested in the state restricted to the
local subsystem A. A superselection rule restricts the
possible operations on the subsystem A such that the
total charge of A is conserved [26]. Hence, the Hilbert
space corresponding to A is composed of superselection
(SS) sectors each determined by the local total charge
a, and the reduced state can be assumed to have block
structure with respect to a. This motivates to define a
partial trace on anyonic systems in the following way.
We first embed HcAB in the larger (non-physical) Hilbert
space HAB = HA⊗HA¯, where HA =
⊕
aHaA and HA¯ =⊕
abHbB⊗V cab. This canonical embedding and its natural
extension to operators will be denoted by J . We then
define the partial trace on the anyonic system mapping
states on HcAB to states on HA by τA¯ = trA¯ ◦ J , where
trA¯ denotes the usual partial trace over the system HA¯.
By construction it is clear that the corresponding reduced
states ρA have block structure ρA =
⊕
a ρ
a
A, which will
be used below. Note that if the total charge c is the
vacuum 1, we have HA¯ = HB .
We define operations on an anyon chain as any combi-
nation of (i) adding ancillary anyons with total charge 1,
(ii) tracing out a part of the anyon chain, (iii) applying
unitary transformations by braiding neighboring anyons
and (iv) projective measurements which respect supers-
election rules. Local operations on A and B are given by
operations only including anyons from A and B, respec-
tively. This means that only braiding between anyons in-
side the respective submanifold is allowed. In analogy to
tensor product systems, we define a separable state as a
state which can be created from |ψ1A〉|ψ1B〉 by using local
operation and classical communication (LOCC), where
|ψ1A〉(|ψ1B〉) is a pure state on H1A(H1B). Otherwise, a
state is called entangled. Since the total charge of two
systems is only uniquely determined if one of the total
charges of the subsystems is abelian, this definition can
be formulated as follows.
Definition 2. A bipartite pure state |ψAB〉 ∈ HcAB =⊕
abHaA⊗HbB ⊗V cab in an anyonic system is separable if
there exist states |ψaA〉 ∈ HaA and |ψbB〉 ∈ HbB such that
|ψAB〉 = |ψaA〉|ψbB〉 and at least one of the anyons a or b
is abelian (thus, V cab is one-dimensional). A mixed state
on HcAB is called separable if it can be written as a convex
combination of separable pure states. Moreover, a state
which is not separable is called entangled.
IV. ASYMPTOTIC ENTANGLEMENT
ENTROPY
Given a qudit system HA ⊗ HB = Cd × Cd, the en-
tanglement entropy EA between A and B of a pure state
ρ is defined as the von Neumann entropy of the reduced
state ρA = trBρ, that is, EA(ρ) = −trρA log2 ρA (we will
use 2 as the base of log). In anyonic systems, we define
a generalization of the qudit entanglement entropy for a
pure state ρ = |ψ〉〈ψ| on HcAB by
E1A(ρ) ≡ −trρA log ρA , (11)
where ρA = τA¯(|ψ〉〈ψ|). Note that E1A is equivalent to
the entanglement entropy of anyonic systems defined in
Ref. [23]. (Therein, the quantum trace is used which cor-
responds to the trace in the fusion space with appropriate
normalization for each superselection sector [27].)
4In the following we use the notation E1A(|ψ〉) inter-
changeably with E1A(ρ). In the case of c = 1, any
pure state can be written as |ψ〉 = ∑a√pa|ψa〉, where|ψa〉 ∈ HaA ⊗Ha¯B , and it follows that
E1A(|ψ〉) = H({pa}) +
∑
a
paEA(|ψa〉) , (12)
where H({p}) denotes the Shannon entropy of a prob-
ability distribution p. Note that it is crucial here that
ρA =
⊕
a ρ
a
A has block structure such that the distribu-
tion {pa} over the sectors are treated as purely classical
degrees of freedom.
According to quantum information theory, the von
Neumann entropy attains its operational significance in
the asymptotic limit of an infinite number of independent
and identical copies of the state. In an anyon model, inde-
pendent and identical copies correspond to independent
preparation of identical states in the same anyonic sys-
tem. As discussed before, however, the fusion space cor-
responding to N copies cannot be written as the N -fold
tensor product of the single copy fusion spaces. More-
over, in order to unambiguously define the N -copy of
an anyonic state ρ, we have to assume that its total
charge is vacuum (or abelian), otherwise no unique fu-
sion channel exists (see Appendix B for a discussion of
possible extensions). Since the total charge of the N -
copy state is also vacuum, the relevant fusion space is
given by H1ANBN =
⊕
aHaAN ⊗Ha¯BN , where we omit the
trivial spaces V 1aa¯. Here, the Hilbert space HaAN , and
similar HbBN , is defined as
HaAN ≡
⊕
a1,...,aN
Ha1A1 ⊗ · · · ⊗ HaNAN ⊗ V aa1...aN , (13)
where Ai denotes a subsystem in A corresponding to the
ith copy. We then define the N -copy state of ρ by ρN =
ι(ρ⊗N ), where ι denotes the corresponding embedding
of H⊗NAB into H1ANBN (and similarly its extension to the
state space).
The fact that ρN is not equivalent to the N -fold tensor
product of ρ, and thus, neither is ρ⊗NA of ρA = τB(ρ),
implies that E1A(ρ
N ) is generally not equal to NE1(ρ).
This motivates to define the following asymptotic version
of E1A.
Definition 3. The asymptotic entanglement entropy
(AEE) of an anyonic pure bipartite state ρ is defined as
E∞A (ρ) = lim
N→∞
E1A(ρ
N )
N
. (14)
We find that the AEE can be expressed in the following
closed form.
Theorem 4. For a pure state ρ = |ψ〉〈ψ| given by |ψ〉 =∑
a
√
pa|ψa〉 with |ψa〉 ∈ HaA ⊗Ha¯B, it holds that
E∞A (ρ) = E
1
A(ρ) +
∑
a
pa log da . (15)
Proof. In order to derive Eq. (15), we have to express the
N -copy state ι(|ψ〉⊗N ) in a basis respecting the charges
shared by A and B, i.e., H1ANBN =
⊕
cHcAN ⊗Hc¯BN (see
Fig. 3). The N -copy state is given by
ι(|ψ〉⊗N ) =
∑
a
√
pa|ψa1〉 · · · |ψaN 〉
⊗ |a1a¯1; 1〉 · · · |aN a¯N ; 1〉 , (16)
where pa = pa1 ...paN and |aia¯i; 1〉 denotes the basis vec-
tor of the fusion space V 1aia¯i given by Eq. (1). We perform
a basis transformation on the state (16) in order to be
able to split it into local parts A and B. The explicit
transformation is given by
|a1a¯1; 1〉 · · ·|aN a¯N ; 1〉
=
∑
b,c
(
F a2a2a1a¯1
)
1b1
(
F a2
a2b1b¯1
)
1b2
...
(
F aN
aNbN−2b¯N−2
)
1c
|a,b, c〉|a¯, b¯, c¯〉 , (17)
and by using the fact (F bbaa¯)1c =
√
dc
dadb
(see, e.g., [27]),
it is easy to see that
ι(|ψ〉⊗N ) =
∑
a,b,c
√
padc
da
|ψa1〉 · · · |ψaN 〉|a,b, c〉|a¯, b¯, c¯〉 , (18)
where da = da1 ...daN and |a,b, c〉 =
|a1a2; b1〉 · · · |bN−2aN ; c〉 denotes an orthonormal basis
of V ca1...aN (similar for |a¯, b¯, c¯〉 and V c¯a¯1...a¯N ). We denote
the density matrix of the embedded state ι
(|ψ〉⊗N) by
ρN . Taking the partial trace τB over the local part B,
the reduced density matrix ρNA = τB
(
ρN
)
is given by
ρNA =
∑
a,b,c
padc
da
trB(|ψa1〉〈ψa1 |)⊗ · · · (19)
⊗ trB(|ψaN 〉〈ψaN |)⊗ |a,b, c〉〈a,b, c|. (20)
The reduced state ρNA can be regarded as a classical-
quantum state, that is, a classical mixture of quan-
tum states associated to (a,b, c) distributed according
to padcda . Using properties of the von Neumann entropy,
it directly follows that
E1A
(
ι(|ψ〉⊗N )) = H({padc
da
})
+∑
a,b,c
padc
da
(
E1A(|ψa1〉) + · · ·+ E1A(|ψaN 〉)
)
. (21)
The first term on the right hand side of Eq. (21) can be
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FIG. 3: Illustration of the basis change using the F-matrix in
order to decompose H1ANBN into local parts A and B.
calculated as
H
({
padc
da
})
= −
∑
a,b,c
padc
da
log
padc
da
(22)
= −
∑
a,c
pa dimV
c
a1...aNdc
da
log
padc
da
(23)
= −
∑
a
pa
(
log
pa1
da1
+ · · ·+ log paN
daN
)
−
∑
c
(∑
a
pa dimV
c
a1...aNdc
da
)
log dc (24)
= N
(
H({pa}) +
∑
a∈L
pa log da
)
−
∑
c∈L
qc log dc , (25)
with qc :=
∑
a pa dimV
c
a1···aNdc/da. For the second
equality, we used the relationship
∑
b 1 = dimV
c
a for
fixed charges a and c, which follows from (3). The third
equality follows from Lemma 1. Note that Lemma 1 im-
plies that qc is a probability distribution, i.e., qc ≥ 0 and∑
c qc = 1.
The second term in Eq. (21) can be simplified
to N
∑
a paE
1
A(|ψa〉). Since E1A(|ψ〉) = H({pa}) +∑
a paE
1
A(|ψa〉), we finally obtain Theorem 4 by substi-
tuting each term in Eq. (21) and calculating
E∞A (ρ) = lim
N→∞
1
N
E1A(ρ
N ) (26)
= E1A(|ψ〉) +
∑
a∈L
pa log da . (27)
In contrast to EA and E
1
A, E
∞
A depends not only on the
Schmidt coefficients of the state, but also on the quantum
dimensions of the anyon charges shared by A and B. As
expected the additional contribution log da vanishes only
if a is abelian, i.e., da = 1. Theorem 4 indicates that
E∞A coincides with the entanglement increase induced by
simple anyonic excitations in 2-dimensional topologically
ordered spin systems [9] and conformal field theories [10].
We further note that Eq. (15) is similar to the EE defined
by Hikami in the framework of topological quantum field
theory [11]. This is particularly interesting since Hikami’s
EE and our E∞A follow from totally different approaches
and motivations.
V. PROPERTIES OF AEE
The AEE fulfills all necessary properties of an entan-
glement measure for anyonic bipartite pure states with
total charge 1. In other words, E∞A is a non-negative
function which is 0 if and only if the state is separable
and it is non-increasing under anyonic LOCC operations.
Proposition 5. For all |ψ〉 ∈⊕aHaA⊗Ha¯B, it holds that
1) AEE is a non-negative function
E∞A (|ψ〉) ≥ 0 (28)
and the equality holds if and only if |ψ〉 is separable.
2) If |ψ〉 can be converted to |φj〉 ∈
⊕
aHaA⊗Ha¯B with
probability qj by LOCC, then
E∞A (|ψ〉) ≥
∑
j
qjE
∞
A (|φj〉). (29)
Proof. 1) The non-negativity follows directly from the
definition. Moreover, by definition E1A(|ψ〉) = 0 if |ψ〉 is
separable. If the total charge is the vacuum, a separable
state |ψ〉 is a state on HaA ⊗ Ha¯B with a and a¯ abelian,
such that da is 1. Therefore, E
∞
A (|ψ〉) = 0 follows from
Theorem 4. And for the converse, note that by Theo-
rem 4, E∞A = 0 implies that |ψ〉 is separable and da = 1.
2) For any fixed N , E1A(ρ
N ) is computed by first embed-
ding the state ρN by J into a tensor product Hilbert
space H˜ANBN and then evaluating standard entangle-
ment entropy of the embedded state. Under this em-
bedding J , any LOCC operation on the anyonic system
is transformed to an LOCC operation on the bigger space
HANBN . Since the entanglement entropy cannot increase
under LOCC, neither can AEE.
Moreover, AEE satisfies the additivity for arbitrary two
pure states.
Proposition 6. For any two states |ψ1〉, |ψ2〉 with |ψi〉 ∈⊕
aHaAi ⊗Ha¯Bi holds that
E∞A1A2 (ι(|ψ1〉 ⊗ |ψ2〉)) = E∞A1(|ψ1〉) + E∞A2(|ψ2〉). (30)
Proof. Assume that |ψi〉 =
∑
a
√
pia|ψia〉 with |ψia〉 ∈
HaAi ⊗Ha¯Bi where i = 1, 2. The embedded state ι(|ψ1〉 ⊗|ψ2〉) is then given by
ι(|ψ1〉 ⊗ |ψ2〉) =
∑
a1,a2,c
√
p1a1p
2
a2dc
da1da2
|ψ1a1〉|ψ2a2〉
⊗ |a2a1; c〉|a¯1a¯2; c¯〉 . (31)
6By using Theorem 4, we obtain that
E∞A1A2 (ι(|ψ1〉 ⊗ |ψ2〉)) =E1A1A2 (ι(|ψ1〉 ⊗ |ψ2〉))
+
∑
abc
p1ap
2
bdc
dadb
log dc . (32)
We can directly calculate the first term in Eq. (32)
through Eq. (31) as
E1A1A2 (ι(|ψ1〉 ⊗ |ψ2〉)) =E∞A1(|ψ1〉) + E∞A2(|φ2〉)
−
∑
abc
p1ap
2
bdc
dadb
log dc . (33)
By inserting Eq. (33) into Eq. (32) we see that additivity
holds.
Let us now address the question which states maximize
AEE. For qudit systems, the maximally entangled state
(MES) |Ψmax〉 in a d× d system is a state with uniform
Schmidt coefficients, i.e., |Ψmax〉 =
∑d
i=1
1√
d
|ii〉 for some
product basis {|ii〉} and EA(|Ψmax〉) = log d. However,
since AEE also depends on the quantum dimensions, the
anyonic MES maximizing AEE is different and has to
follow a particular distribution over the superselection
rules sectors. For simplicity, let us restrict to the situa-
tion where both systems A and B are given by n anyons
with charges {x1, ..., xn} and {x¯1, ..., x¯n}, where all xi are
primitive. Then, the maximum of E∞A over states in the
corresponding fusion space is attained for
|Ψxmax〉 =
∑
a
√
dimV ax1...xnda∏
i dxi
|ψamax〉 , (34)
where |ψamax〉 denotes the usual maximally entangled
state in HaA ⊗Ha¯B . Moreover, it holds that
E∞A (|Ψxmax〉) =
∑
i
log dxi . (35)
To see this, let us set Dax = dimV
a
x1...xn and D
a
xNi
=
dimV axi...xi . We first derive an upper bound on E
∞
A and
then show that the state given by Eq. (34) attains the up-
per bound. In order to calculate E1A of an N -copy state
ρN , we first embed it into a larger but unphysical Hilbert
space which has a tensor product structure. The embed-
ded N -copy state J (ρN ) is a state on the non-physical
Hilbert space HAN ⊗ HBN ≡ (
⊕
dHdAN ) ⊗ (
⊕
dHdBN ).
The subspaces HAN and HBN contain N xi-anyons, and
due to Eq. (4) we know that for sufficiently large N ,
Dbi
xNi
≈ dNxidbi/D2. Hence, we have
dimHAN = dimHBN
=
∑
a
∑
b1...bn
∏
i
Dbi
xNi
dimV ab1...bn
≈
∏
i
dNxi
∑
a,b
db1 ...dbn
D2n dimV
a
b1...bn , (36)
which implies that
1
N
E1A(ι(|ψ〉⊗N )) ≤
1
N
log dimHAN
=
1
N
(∑
i
log dNxi +O(1)
)
. (37)
Taking the limitN to infinity in (37), we obtain the upper
bound E∞A (|ψ〉) ≤
∑
i log dxi .
In order to see that |Ψxmax〉 attains the optimal value,
we compute
E∞A (|Ψxmax〉)
=H
({
Daxda∏
i dxi
})
+
∑
a
Daxda∏
i dxi
(
E1A(|ψamax〉) + log da
)
(38)
=
∑
a
Daxda∏
i dxi
(
− log D
a
xda∏
i dxi
+ logDax + log da
)
(39)
=
∑
a,j
Daxda∏
i dxi
log dxj =
∑
i
log dxi . (40)
The last equality holds by Lemma 1. One example of the
anyonic maximally entangled states is given if all pairs of
anyons xi in A and x¯i in B are created from the vacuum.
VI. ENTANGLEMENT DISTILLATION AND
DILUTION
In the following we provide operational meanings to
AEE by relating it to the optimal asymptotic rates of
entanglement distillation and entanglement dilution. An
entanglement distillation protocol converts copies of |ψ〉
to copies of the anyonic MES by LOCC operations. The
rate of an entanglement distillation protocol is defined
as the maximum numbers of distillable anyonic MESs
per copy of |ψ〉 in the limit of infinite copies. The re-
verse task of generating copies of |ψ〉 from anyonic MES
is called an entanglement dilution protocol. The rate is
defined similarly to entanglement distillation. We define
the distillable entanglement ED as the optimal rate of
any entanglement distillation protocols and the entan-
glement cost EC as the optimal rate of any entanglement
dilution protocols.
In order to ensure that the anyonic MES is well de-
fined, we impose the same restrictions as used to specify
the MES given by Eq. (34). Namely, we assume that
system A and B are described by n primitive anyons.
We further assume that we can individually perform any
special unitary on each sector by braiding with arbitrary
accuracy. This is for instance satisfied for the Fibonacci
anyon [15]. We then obtain the equivalence of AEE with
ED and EC .
Theorem 7. For any pure bipartite state |ψ〉 =∑
a
√
pa|ψa〉 with a primitive charge a ∈ L satisfying
7pa 6= 0, it holds that
ED(|ψ〉) = E
∞
A (|ψ〉)
E∞A (|Ψxmax〉)
= EC(|ψ〉). (41)
In the following, we provide a sketch of the proof in-
cluding the essential ideas. The technical details of the
proof are carried out in Appendix A.
We first discuss the optimal entanglement distillation
protocol and show achievability. Inserting the Schmidt
decomposition |ψa〉 =
∑
ia
√
λia |ia〉|ia〉 in Eq. (18), we
see that ι(|ψ〉⊗N ) can be written as
ι(|ψ〉⊗N ) =
∑
a,b,c
√
paλiadc
da
|a,b, c, ia〉|a¯, b¯, c¯, ia〉 , (42)
where λia = λia1 ...λiaN . Note that the amplitudes
paλia
da
follow an identical and independent distribution accord-
ing to paλia with weight 1/da. We can project for ev-
ery c onto the δ-typical subspace corresponding to paλia
and bring the success probability arbitrary close to 1 by
choosing a sufficiently large N .
In a next step, we project onto the different type-
classes in the δ-typical subspace such that all the am-
plitudes for fixed c are equal. Using the standard typ-
icality properties [28, 29], we know that the dimension
of the resulting typical subspace is about 2NH({paλia}) =
2NE
1
A(|ψ〉) for any c. Moreover, the additional fusion di-
mensions labeled by b count up for given c to dimV cat
where at is a typical sequence. Using the scaling be-
havior of the fusion space and the typicality of at, we
find that dimV cat ≈ (dc/D2)ΠadNpaa (see Appendix A).
Hence, the total dimension of the non-trivial subspace
in sector c is about (dc/D2)2NH({paλia}) dimV cat ≈
(dc/D2)2N(E1A(|ψ〉)+
∑
a pa log da) = (dc/D2)2NE∞A (|ψ〉).
Note now that on each sector c, ι(|Ψxnmax〉⊗L) corre-
sponds to the MES in the fusion space V cxnL with di-
mension dimV cxnL = (dc/D2)dnLx . Hence, the dimensions
of the subspaces match for every c if we choose L ≈
NE∞A (|ψ〉)/ log dnx = NE∞A (|ψ〉)/E∞A (|Ψxmax〉). There-
fore, a simple local basis transformation converts the pro-
jected state into L anyonic MESs. This concludes the
achievability for entanglement distillation.
The optimal entanglement dilution protocol is based
on LOCC convertibility of each individual sector. For
that we use similar methods as for the distillation
protocol to show that, on each sector, the amplitudes
of the typical part of N copies of |ψ〉 are majorized by
those of about L = NE∞A (|ψ〉)/E∞A (|Ψxmax〉) copies of
|Ψxmax〉. Optimality of the two protocols can be argued
by concatenating entanglement distillation and dilution.
VII. CONCLUSION
We have presented an operational approach to bipar-
tite entanglement of pure anyon chains by introducing
the entanglement measure AEE. We have showed that
AEE is equal to the contribution of anyonic excitations in
topologically ordered phases to TEE [8–11] and further
showed that it characterizes the optimal entanglement
distillation and dilution rates. These results provide op-
erational meanings to the TEE of anyonic excitations,
and moreover, identify the TEE as the operationally ac-
cessible entanglement for fault-tolerant quantum infor-
mation processing.
We point out that our result may be applied to other
interesting situations obeying similar superselection rules
like anyons, e.g., angular momenta with no shared refer-
ence frame [30]. Moreover, it would be also desirable to
extend AEE to more general splittings of anyonic systems
as considered in Ref. [23].
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Appendix A: Proof of Theorem 2: Optimal
Entanglement Distillation and Dilution Protocol
1. Entanglement Distillation
In the following, we first present a distillation proto-
col and show that its rate is given by AEE. Recall first
that both systems A and B are assumed to be given by
chains of anyons with primitive charges x = {x1, ..., xn}
and x¯ = {x¯1, ..., xn}. In order to simplify notations,
we further require that x = x1 = · · · = xn which can
be straightforwardly generalized to arbitrary primitive
charges. Moreover, we assume that we can perform ar-
bitrary unitary operations in SU(N) on each sector HaA
(or HbB) by only braiding operations, i.e., we can per-
form universal topological quantum computation. We
consider two parties Alice and Bob who holds anyonic
systems A and B, respectively. At the beginning of the
protocol, Alice and Bob share many identical copies of a
state |ψ〉 = ∑a√pa|ψa〉 with |ψa〉 ∈ HaA ⊗ Ha¯B . Using
the Schmidt decomposition, each |ψaj 〉 can be written as
|ψaj 〉 =
∑
iaj
√
λiaj |iaj 〉|ia¯j 〉, (A1)
where {λiaj } denotes the Schmidt coefficients of |ψaj 〉.
According to (18), the N-copy state |ψN 〉 ≡ ι(|ψ〉⊗N )
8can be written as
|ψN 〉 =
∑
a,bca,c,ia
√
padc
da
λia |a,bca, c, ia〉AN |a¯, b¯ca, c¯, ia¯〉BN ,
(A2)
where ia = (ia1 , ..., iaN ) and λia = λia1 ...λaiN . Here we
explicitly denote the dependence of b and the subsystems
where the vectors belongs to. Our goal is to obtain L
copies of the maximally entangled state
ι(|Ψxmax〉⊗L) =
∑
c
√
dimV c
xnL
dc
(dx)nL
×
 1√
dimV c
xnL
dimV c
xnL∑
yc
|yc〉AN |yc¯〉BN
 , (A3)
with maximal L.
Let us focus on the δ-strongly typical set TNδ induced
by the distribution paλia which is defined as
TNδ :=
{
(a, ia) :
∣∣ 1
N
N(a, ia|a, ia)− paλia
∣∣ ≤ δ} , (A4)
where N(a, ia|a, ia) is the number of (a, ia) in the se-
quence a, ia. Performing the projective measurement on
the corresponding typical subspace, we obtain the state
|ψNtyp〉 =
1√
PNδ
∑
c
∑
a,ia∈TNδ
∑
bca
√
padc
da
λia
× |a,bca, c, ia〉AN |a¯, b¯ca, c¯, ia¯〉BN , (A5)
where for any  > 0, we can choose N large enough so
that the success probability PNδ is at least 1− . This is
guaranteed by the typicality properties for independently
and identically distributed variables (see, e.g., Ref. [28]).
Next, we consider the type class TNt which is defined by
TNt :=
{
(a, ia) :
1
N
N(a, ia|a, ia) = ta,ia
}
, (A6)
where ta,ia is the (a, ia) component of the probability
distribution t. By defining the set of types in TNδ by
τδ =
{
t :
∣∣ta,ia − paλia ∣∣ ≤ δ} , (A7)
TNδ can be decomposed as
TNδ =
⋃
t∈τδ
TNt . (A8)
The cardinality of the set τδ is bounded by |τδ| < (N +
1)d, where d =
∑
a dimV
a
xn . Expanding into the different
type classes, |ψNtyp〉 can be written as
|ψNtyp〉 =
1√
PNδ
∑
t∈τδ
∑
c
∑
a,ia∈TNt
∑
bca
√
padc
da
λia |a,bca, c, ia〉AN |a¯, b¯ca, c¯, ia¯〉BN (A9)
=
1√
PNδ
∑
t∈τδ
√∏
a,ia
(paλia)
Nta,ia∏
a d
Nta
a
∑
c
√
dc
∑
a,ia∈TNt
∑
bca
|a,bca, c, ia〉AN |a¯, b¯ca, c¯, ia¯〉BN , (A10)
where ta =
∑
ia
ta,ia .
In the next step of the protocol, we perform a mea-
surement of type t and obtain the state
√∏
a,ia
(paλia)
Nta,ia
PNδ q
N
t
∏
a d
Nta
a
∑
c
√
dc
×
∑
a,ia∈TNt
∑
bca
|a,bca, c, ia〉AN |a¯, b¯ca, c¯, ia¯〉BN ,
(A11)
with probability qNt . The probability q
N
t is given by
qNt =
|TNδ |
∏
a,ia
(paλia)
Nta,ia
PNδ
(A12)
and bounded by [28]
(N + 1)−d2−ND(t‖pλ) ≤ qNt ≤ 2−ND(t‖pλ) , (A13)
where D(t‖pλ) is relative entropy of t and pλ.
In the following, we denote the dimension of the sub-
space corresponding to type t in sector c by
N ct =
∑
a,ia∈TNt
∑
bca
= |TNt |dimV cat . (A14)
9For every c and fixed t, we relabel (a, ia,b
c
a) by α
c ∈
{1, ..., N ct }. Using this notations, we write the state given
in Eq. (A11) as√∏
a,ia
(paλia)
Nta,ia
PNδ q
N
t
∏
a d
Nta
a
∑
c
√
dc
Nct∑
αc=1
|αc〉AN |αc¯〉BN
(A15)
=
√
|TNt |
∏
a,ia
(paλia)
Nta,ia
PNδ q
N
t
∑
c
√
dc dimV cat∏
a d
Nta
a
×
Nct∑
αc=1
1√
N ct
|αc〉AN |αc¯〉BN (A16)
=
1√
PNδ
∑
c
√
dc dimV cat∏
a d
Nta
a
Nct∑
αc=1
1√
N ct
|αc〉AN |αc¯〉BN .
(A17)
As shown in Ref. [29], for all t ∈ τδ we can bound
|TNt | ≥ 2N [H(pλ)−η(dδ)−
d
N log(N+1)] , (A18)
where η(dδ) is a function such that η(dδ) → 0 (δ → 0).
Therefore, using Eq. (5), we obtain a lower bound on N ct
via
N ct = |TNt |dimV cat (A19)
≥ 2N [H(pλ)−η(dδ)− dN log(N+1)]
×
∏
a∈L d
N(pa−δ)
a dc
D2 (1 +O(v
Npa
c )) (A20)
= 2N(H(pλ)+
∑
a pa log da−η(dδ)− dN log(N+1)−δ
∑
a log da)
× dcD2 (1 +O(v
′N
c )) , (A21)
where |vc|, |v′c| < 1 for all c ∈ L. Note that to use Eq. (5),
we have to make the assumption that pa 6= 0 for at least
one primitive charge a. Let us set
M c =2N(H(pλ)+
∑
a pa log da−η(dδ)−δ
∑
a log da)
× 2N(− d+1N log(N+1)−χNN log dnx ) dcD2 , (A22)
where χN is a constant such that 0 ≤ χN < 1. Then,
we divide each N ct dimensional sector into bN
c
t
Mc c orthog-
onal subspaces of dimension M c and the rest. Since the
dimension of the rest subspace is strictly smaller than
M c, the probability that the projection onto the M c-
dimensional subspaces fails is less than M
c
Nct
. This error
probability is bounded by
M c
N ct
≤ 2− log(N+1)−χN log dnx . (A23)
Hence, by measuring in which orthogonal subspaces the
state falls, we obtain a state that is unitary equivalent to
|ψ˜N 〉 = 1√
PNδ
∑
c
√
dc dimV cat∏
a d
Nta
a
Mc∑
yc=1
1√
M c
|yc〉AN |yc¯〉BN .
(A24)
with probability at least
1− 2− log(N+1)−χN log dnx . (A25)
Recalling the form of L copies of the maximally en-
tangled state in Eq. (A3), we see that Eq. (A24) has a
similar form, such that it remains to confirm that the
amplitudes match.
For that we consider a set {Lc} such that for all c ∈
L, dimV cxnL = M c. Then, since dimV cxnL = d
nL
x dc
D2 (1 +
O(wLc )) with |wc| < 1, we have that
Lc =
1
log dnx
N{E∞A (|ψ〉)− η(dδ)−
d+ 1
N
log(N + 1)
− δ
∑
a
log da)− log(1 +O(wNc ))} − χN . (A26)
Then, we set the number of copies L as
L =
1
log dnx
N{E∞A (|ψ〉)− η(dδ)−
d+ 1
N
log(N + 1)
− δ
∑
a
log da)− log(1 +K|wN |)} − χN , (A27)
where we choose 0 < K <∞ and w to bound the function
O(wNc ) by |O(wNc )| ≤ K|wN | for all c and large enough
N . Thus L ≤ Lc and dimV cxnL ≤ M c for all c in this
setting. Note that we can choose the constant 0 ≤ χN <
1 to make L a natural number beforehand.
In order to see that |ψ˜N 〉 converges to the maximally
entangled state ι(|Ψxmax〉⊗L), we consider an inner prod-
uct between |ψ˜N 〉 and ι(|Ψxmax〉⊗L) given by
〈ψ˜N |ι(|Ψxmax〉⊗L〉
=
∑
c
√
d2c dimV
c
xnL
dimV cat
PNδ d
nL
x
∏
a d
Nta
a
dimV cxnL√
dimV c
xnL
M c
=
∑
c
dc
√
d2c
D4 (1 +O(w
L
c ))(1 +O(zNc ))
√
dimV c
xnL
M c
=
∑
c
d2c
D2
√
(1 +O(wLc ))(1 +O(zNc ))
√
1 +O(wLc )
1 +K|w|N .
Here we used the relation dimV cat =
∏
a d
Nta
a dc
D2 (1 +
O(zNc )), where |zc| < 1. Since |wc|, |zc|, |w| < 1, we find
that the absolute value of the inner product converges to
1 for N →∞. Therefore, the fidelity between two states
F (|ψ˜N 〉, ι(|Ψxmax〉⊗L〉) also converges to 1. The asymp-
totic rate of this distillation protocol is given by
L
N
N→∞,δ→0−−−−−−−→ E
∞
A (|ψ〉)
E∞A (|Ψxmax〉)
(A28)
and the success probability is (1 − )(1 −
2− log(N+1)−χN log d
n
x ), which converges to 1 for N → ∞
and → 0.
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2. Entanglement Dilution
Standard entanglement dilution protocols for qubits
are based on quantum teleportation [31]. However, quan-
tum teleportation of anyonic systems has not been estab-
lished yet. In the following, we derive the rate of a di-
lution protocol without using teleportation but instead,
majorization and LOCC convertibility.
We start from L copies of the maximally entangled
state
ι(|Ψxmax〉⊗L) =
∑
c
√
dimV c
xnL
dc
(dx)(nL)
× 1√
dimV c
xnL
dimV c
xnL∑
yc=1
|yc〉AN |yc〉BN .
(A29)
Our goal is to produce N copies of |ψ〉 by using only
LOCC. Let us consider the normalized state obtained by
the projection onto the typical subspace corresponding
to TNδ using Eq. (A5)
|ψNtyp〉 =
∑
c
√
Qc
∑
a,ia∈TNδ
∑
bca
√
padc
PNδ Q
cdaλia
× |a,bca, c, ia〉AN |a¯, b¯ca, c¯, ia¯〉BN , (A30)
where Qc =
∑
a,ia∈TNδ
∑
bca
padc
PNδ da
λia . The Schmidt rank
of each sector c is bounded by∑
a,ia∈TNδ
∑
bca
1 =
∑
a,ia∈TNδ
dimV ca
≤
∑
a′,ia∈TNδ
∏
a′ d
Npa+δ
a′ dc
D2 (1 +O(w
N
c ))
= |TNδ |
∏
a d
Npa+δ
a dc
D2 (1 +O(w
N
c )) ,
where the first inequality is due to Eq. (5) and the
fact that (a, ia) ∈ TNδ . Since |TNδ | can be bounded by
2N(H(pλ)+δ) (see, e.g., Ref. [28]), we can further bound∑
a,ia∈TNδ
∑
bca
≤ 2N(H(pλ)+δ)2N(
∑
a(pa+δ) log da) dc
D2 (1 +O(w
N
c ))
(A31)
= 2N(E
∞
A (|ψ〉)+δ(1+
∑
a log da)) dc
D2 (1 +O(w
N
c )) .
(A32)
If we choose L as
L =
⌊
N (E∞A (|ψ〉) + δ(1 +
∑
a log da))
log dnx
+ 1
⌋
, (A33)
we find by using Eq. (A32) for large N that
dimV cxnL =
dc2
L log dnx
D2 (1 +O(z
N
c )) ≥
∑
a,ia∈TNδ
dimV ca .
Therefore, for all c ∈ L and large N , the majorization
relation {
1
dimV c
xnL
}

{
padc
PNδ Q
cda
λia
}
(A34)
holds. Here, we have extended trivially the size of the
domain of the probability distribution on the right hand
side to match the left hand side. By using the LOCC
convertibility theorem under superselection rules [18], L
copies of the maximally entangled state can be determin-
istically converted to |ψNtyp〉.
There is no error in this protocol and for any  > 0
and we obtain
|ψ˜N 〉 =
∑
c
√
dimV c
xnL
dc
(dx)(nL)
∑
a,ia∈TNδ
∑
bca
√
padc
PNδ Q
cda
λia
× |a,bca, c, ia〉AN |a¯, b¯ca, c¯, ia¯〉BN . (A35)
By a simple calculation, the fidelity between |ψ˜N 〉 and
|ψN 〉 can be bounded by
F (|ψ˜N 〉, |ψN 〉) ≥(1− )2(1−K ′|zN |)(1−K|wN |)
N→∞,→0−−−−−−−→ 1 . (A36)
The asymptotic rate of this protocol is given as claimed
by
L
N
N→∞,δ→0−−−−−−−→ E
∞
A (|ψ〉)
E∞A (|Ψxmax〉)
. (A37)
3. Optimality
Finally, we show that the asymptotic rates of the dis-
tillation and dilution protocol presented in the previous
two sections are optimal. The argument is the same as
to show optimality for the qubit case [31]. Let us replace
L in Eq. (A27) by LD and in Eq. (A33) by LC . In the
distillation protocol, we obtain LD copies of the maxi-
mally entangled state from N copies of |ψ〉 (with small
errors). Let us assume that there exists a distillation
protocol which performs strictly better than the proto-
col and obtains bLD+ξNc(ξ > 0) copies of the maximally
entangled state from N copies of |ψ〉. By using the di-
lution protocol presented in the previous subsection, we
obtain at least N ′ copies of |ψ〉, where N ′ is given by
N ′ =
⌊bLD + ξNc
LC
N
⌋
. (A38)
Therefore, we have
lim
N→∞
N ′
N
≥ E
∞
A (|ψ〉) + ξ log dnx
E∞A (|ψ〉)
> 1 , (A39)
and thus, in the limit of N →∞, δ, → 0, the amount of
entanglement can be increased by LOCC. This conflicts
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the property of LOCC, which implies that such a protocol
does not exist. Therefore the obtained asymptotic rate
of the distillation protocol is optimal. Similarly, one can
prove that the asymptotic rate of the dilution protocol is
optimal.
Appendix B: Non-Abelian Total Charge and
Anyonic Purification
In the main text, we restricted ourselves to a system
with total charge 1 of which the Hilbert space can be
written as H1 = ⊕a∈LHaA ⊗ Ha¯B . Let us provide an
outlook what happens if we relax this condition and allow
a general system with total charge c. In this situation,
the Hilbert space is given by
Hc =
⊕
a,b∈L
HaA ⊗HbB ⊗ V cab, (B1)
where dimV cab can be strictly larger than 1. There are
several problems arising in this situation, among them
the impossibility to generally define a state on the combi-
nation of two systems with charge not equal 1 by knowing
the state only on partial systems. Or physically, a joint
preparation of the combined system is required since the
splitting into subsystems with charge c and c¯ does not
have a tensor product structure, and thus, does not al-
low local preparations.
In order to deal with this problems, it is convenient to
complement the system by introducing a reference system
with total charge given by the anti-charge c¯ such that the
combined system has charge 1. We call this extension of
the system the anyonic purification and it leads to a total
Hilbert space
H˜1 =
⊕
a,b∈L
HaA ⊗HbB ⊗ V cab ⊗ V 1cc¯ (B2)
including the 1-dimensional Hilbert space V 1cc¯. A simi-
lar method to treat non-trivial total charges has already
been discussed in Ref. [26]. Graphically, the anyonic pu-
rification is illustrated in Fig. 4. Note that since V 1cc¯
is only one-dimensional, every state on the system with
total charge c allows a unique extension to the purified
system H˜1 up to a global phase which can be neglected.
By using this purified system the total charge is now
guaranteed to be 1. Thus, two purified systems can be
combined in the same way as described in the main text
and the joint state is uniquely defined. Note that this
construction corresponds exactly to the requirement that
the two states are independently prepared. From an op-
erational perspective, this local preparation can be only
achieved by the creation of a state from vacuum and then
discarding a part of it. However, the operations and ma-
nipulations on the restricted system are independent on
the extension so that the anyonic purification is always
sufficient.
This anyonic purification allows to define multiple
copies of states of the systems with an arbitrary total
charge where AEE can be defined. But in general A¯ 6= B
due to the existence of V cab. Therefore, if the total charge
c is nontrivial, AEE can be asymmetric even if the state
is pure, that is,
E∞A (|ψ〉) 6= E∞B (|ψ〉). (B3)
Clearly in this case, Theorem 2 does not hold anymore.
In particular, two independent pure states with non-
abelian total charges can behave like a mixed state. This
is due to the fact that we cannot access the reference
system of the anyonic purification and the total charge of
the combined state is a superposition of different charges.
For this reason, the analysis of bipartite entanglement for
these “anyonically mixed” states is more subtle.
𝐴 𝐵 𝐴 𝐵 
𝜇 𝑎 𝑏 
𝑐 
𝜇 𝑎 𝑏 
𝑐 
𝑐 
1 
FIG. 4: The right hand side illustrates the anyonic purifi-
cation of the system on the left hand side with total charge
c.
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